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A mathematical model of a piezoelectric plate is discussed with a one-sided convex surface of an arbitrary shape. Gen-
eric relations are given to calculate the frequency spectrum and distributions of the vibration amplitudes with normal drive
levels. A particular case of the ellipsoidal convexity is studied, that is arbitrarily oriented with respect to the plate axes. A
numerical example for such a curvature is also given. Based upon this, we show that the frequency spectrum is critically
dependent on the angle between the main ellipsoid axis and the rotated coordinates of a piezoelectric plate and to the ratio
of the main radii of an ellipsoid. We notice that such a surface allows for a proper placement of the anharmonics in the
frequency spectrum, avoiding their interaction caused by environment. It may also be useful to model the manufacturing
imperfection and its inﬂuence upon the vibration spectra.
 2006 Published by Elsevier Ltd.
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Eigenvibrations in piezoelectric plates of bulk acoustic waves (BAW) with electrodes (called resonators)
have been under peer attention for more than 40 years owing to their applied precision and accuracy necessary
for reference sources of time and frequency (Gerber and Ballato, 1985) and frequency sensors (EerNisse and
Wiggins, 2001). Among all types of piezoelectric resonators, the crystal ones of thickness-shear vibrations with
trapped-energy demonstrate the best properties. Their frequency spectrum consists of the fundamental vibra-
tions of the modes A–C, each of which is accompanied with the eigenvibrations called anharmonics. To local-
ize energy of a fundamental vibration, a piezoelectric plate is manufactured with a one-sided or double-sided
convexity and, typically, with double-sided electrodes placed in the area of a localized energy. This also allows
for suﬃciently attenuating the anharmonic vibrations. Since the latter in BAW resonators have typically high
sensitivities to the environment, it was proposed in Shmaliy (1998) and Shmaliy (2000) to utilize them as0020-7683/$ - see front matter  2006 Published by Elsevier Ltd.
doi:10.1016/j.ijsolstr.2006.04.002
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required obtaining (1) high sensitivity of some anharmonics to the environment and (2) negligible interaction
of the fundamental vibration with the anharmonics in the environmental ﬁeld. In the later case, design of the
piezoelectric plates with a proper placement of the ahnarmonics becomes of prime importance.
The ﬁrst vibration theory of the piezoelectric plates was proposed by Mindlin in 1950s (Mindlin, 1982a,b).
It was then developed by Tiersten (1969), Lee et al. (1987), Yong et al. (1993), Sinha (2001), etc. Based upon
this theory, piezoelectric resonators with a one-sided symmetric spherical surface were ﬁrst learned about (Ste-
vens and Tiersten, 1986; Tiersten et al., 1994; Nedorezov and Ganenko, 1998). Thereafter, one-sided and the
double-sided ellipsoidal convexities were investigated by Sinha (2001) and by Slavov (1986), respectively. A
limitation of the latter models is that they do not account for possible rotation of an ellipsoidal convexity with
respect to the resonator axes that may be allowed by design or caused by manufacturing problems.
In this paper, we present a model of a trapped-energy piezoelectric resonator of thickness-shear vibrations,
in which irregularities in the one-sided spherical convexity are accounted by an ellipsoidal curvature with a
variable radius, whose main axis is oriented arbitrarily with respect to the rotated crystallographic coordinates
of a piezoelectric plate. Also, anisotropy is supposed in the normal direction as well as in the orthogonal direc-
tions. The rest of the paper is organized as follows. In Section 2, we present the model of a piezoelectric res-
onator. Here, we derive generic relations for the frequency spectrum and distributions of the vibrating plate
amplitudes. By this, we generalize both the spherical and the ellipsoidal cases. In Section 3, we discuss in detail
the case of a piezoelectric resonator with a one-sided ellipsoidal curvature arbitrarily oriented with respect to
the resonator axes. An important numerical example is also given here. Finally, concluding remarks may be
found in Section 4.
2. Model of a piezoelectric plate
Let us assume a disc piezoelectric resonator with a one-sided convex surfaceFig. 1.
R2 andzðx1; x2Þ ¼ Uðx1; x2Þ; ð1Þ
having a maximum L0 at a central point M0(x10,x20) (Fig. 1). Here, R1 and R2 are the main radii of the cur-
vature atM0 and c is an angle between the direction of a main surface curvature and the axis of a piezoelectric
plate.(a)
(b)
One-sided convex piezoelectric plate: (a) approximation of a convexity with a surface of the second order having main radii R1 and
an angle c between the direction of a main curvature and the plate axis x1; (b) section.
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radius of an assumed spherical curvature, give the most contribution to the frequency spectrum, so that
we writeUðx1; x2Þ ¼ Uðx10; x20Þ þ 1
2
X2
i;j¼1
o2UðM0Þ
oxioxj
ðxi  xi0Þðxj  xj0Þ þ    ; ð2Þwhere the partial derivatives of U may be expressed via R1 and R2 that we employ further on. Now we write
the vibration diﬀerential equation with respect to the thick-shift un1 of the nth harmonic of thick vibrations of a
doubly-rotated piezoelectric plate in a form given by Tiersten (1969), namely asX1
n¼1;3;5;...
Mn
o2un1
ox21
þ Pn o
2un1
ox22
 n
2p2c^ 1ð Þ
L2
un1  q€un1
 
¼ qx2 e26Vz
c 1ð ÞL
eixt; ð3Þwhere cð1Þ is an eigenvalue, V is a drive-level, L is a variable thickness of a plate, q is a piezoelectric crystal
density, e26 is a piezoelectric constant and a performance of bothMn and Pn is derived by Stevens and Tiersten
(1986). The constant c^ð1Þ is presented here byc^ð1Þ ¼ cð1Þ 1 8k
2
1
n2p2
 2bR ; ð4Þwherek21 ¼
e226
cð1Þe22
; bR ¼ 2q0L0
qL
; ð5ÞL 0 and q 0 denote thickness and density of an electrode, respectively, and e22 is a dielectric constant.
Since such a resonator has a section symmetry, a solution of (3) is performed by an odd harmonic
seriesu1 ¼
X1
n¼1;3;5;...
unðx1; x2Þeixt sin npzL ; ð6Þin which the functions sin(npz/L), n = 1,3,5, . . ., are orthogonal on the interval [L/2,L/2]. Exploiting this, we
go from (3) toMn
o2un
ox21
þ Pn o
2un
ox22
 n
2p2c^ð1Þ
L2
un þ qx2un ¼ qx2ð1Þn12 e264V
cð1Þn2p2
: ð7ÞNow, by (2), a variable thickness L transforms (7) toMn
o2un
ox21
þ Pn o
2un
ox22
 n
2p2c^ð1Þ
L20
1 1
L0
X2
i;j¼1
o2UðM0Þ
oxioxj
ðxi  xi0Þðxj  xj0Þ
 !
un þ qx2un ¼ qx2ð1Þn12 e264V
cð1Þn2p2
:
ð8Þ
Thereafter x1 ¼
ﬃﬃﬃﬃﬃﬃ
Mn
p ~n1 þ x10 and x2 ¼
ﬃﬃﬃﬃﬃ
Pn
p ~n2 þ x20 allow writingo2~un
o~n21
þ o
2~un
o~n22
 n
2p2c^ð1Þ
L20
1 1
L0
o2UðM0Þ
ox21
Mn~n21 þ
o2UðM0Þ
ox1ox2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MnPn
p
~n1~n2 þ o
2UðM0Þ
ox22
Pn~n21
  
~un þ qx2un
¼ qx2ð1Þn12 e264V
cð1Þn2p2
; ð9Þwhere, avoiding the multiplication product ~n1~n2, we introduce two new variables~n1 ¼ n1 cos b n2 sin b;
~n2 ¼ n1 sin bþ n2 cos b; ð10Þ
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2
arctan
o2UðM0Þ
ox1ox2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MnPn
p
o2UðM0Þ
ox2
1
Mn  o
2UðM0Þ
ox2
2
Pn
: ð11ÞThe partial derivatives of U in (11) may now be expressed via R1 and R2, providedo2UðM0Þ
ox21
¼  cos
2 c
R1
 sin
2 c
R2
;
o2UðM0Þ
ox22
¼  sin
2 c
R1
 cos
2 c
R2
; ð12Þ
o2UðM0Þ
ox1ox2
¼ 1
R2
 1
R1
 
sin c cos c:After the transformations, by (10)–(12), (9) becomeso2un
on21
þ o
2un
on22
 n
2p2c^ð1Þ
L20
1þ 1
L0
cðbÞn21 þ c bþ
p
2
 
n22
h i	 

un þ qx2un ¼ qx2ð1Þn12 4e26V
cð1Þn2p2
; ð13ÞwherecðbÞ ¼ Mn
R1
vðcÞ cos2 bþ
ﬃﬃ
e
p
2
ð1 dÞ sin 2c sin 2bþ ev cþ p
2
 
sin2 b
 
; ð14Þ
vðcÞ ¼ cos2 cþ d sin2 c; ð15Þ
b ¼ 1
2
arctan
ﬃﬃ
e
p ð1 dÞ sin 2c
vðcÞ  ev cþ p
2
  !; ð16Þ
e = Pn/Mn, and d = R1/R2 is a parameter of a surface irregularity.
A homogenous solution of (13), by zero driving force V = 0, has a form ofunmp ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b1b2
p
p2MnPn
 1=4
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2mþpm!p!
p e ﬃﬃﬃb1p2 n21 ﬃﬃﬃb2p2 n22Hmðn1b1=41 ÞHpðn2b1=42 Þ; ð17Þwhere Hm(x) and Hp(x) are Hermite’s polynomials and the auxiliary coeﬃcients are given byb1 ¼ n
2p2c^ð1Þ
L30
cðbÞ;
b2 ¼ n
2p2c^ð1Þ
L30
c bþ p
2
 
: ð18ÞAccordingly, squares of the relevant eigenfrequencies are derived, by (17), to bex2nmp ¼
n2p2c^ð1Þ
L20q
1þ 1
np
ﬃﬃﬃﬃﬃﬃﬃ
L0
c^ð1Þ
r ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cðbÞ
p
ð2mþ 1Þ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c bþ p
2
 r
ð2p þ 1Þ
 ( )
; ð19Þwhere n = 1,3,5, . . . and m,p = 0,2,4, . . . Changing the variables turns (17) back to the origin coordinates, and
we arrive at a ﬁnal solution; that is,unmp ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b1b2
p
p2MnPn
 1=4
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2mþpm!p!
p ef212f222Hmðf1ÞHpðf2Þ; ð20Þ
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x1  x10ﬃﬃﬃﬃﬃﬃ
Mn
p cos bþ x2  x20ﬃﬃﬃﬃﬃ
Pn
p sin b
 
;
f2 ¼ b1=42 
x1  x10ﬃﬃﬃﬃﬃﬃ
Mn
p sin bþ x2  x20ﬃﬃﬃﬃﬃ
Pn
p cos b
 
: ð21ÞRelations (19) and (20) specify, respectively, the frequency spectrum and distributions of the vibration ampli-
tudes in the piezoelectric resonator with a one-sided elliptical convexity arbitrarily oriented with respect to the
resonator axes. Two particular cases may now be distinguished.
Case 1 (Spherical convexity). For the spherical curvature, we set R1 = R2 = R, d = 1, and c = 0, x10 =
x20 = 0. Then (13) degenerates, by b = 0, v(0) = 1, cð0Þ ¼ MnR , v(p/2) = 1, and cðp=2Þ ¼ eMnR ¼ PnR , to the
equationo2un
on21
þ o
2un
on22
 n
2p2c^ð1Þ
L20
1þMnn
2
1 þ Pnn22
RL0
 
un þ qx2un ¼ qx2ð1Þn12 4e26V
cð1Þn2p2
; ð22Þwith its solutionsunmp ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b1b2
p
p2MnPn
 1=4
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2mþpm!p!
p ef212f222Hmðf1ÞHpðf2Þ; ð23Þ
x2nmp ¼
n2p2c^ð1Þ
L20q
1þ 1
np
ﬃﬃﬃﬃﬃ
L0
R
r ﬃﬃﬃﬃﬃﬃﬃ
Mn
c^ð1Þ
r
ð2mþ 1Þ þ
ﬃﬃﬃﬃﬃﬃﬃ
Pn
c^ð1Þ
r
ð2p þ 1Þ
" #( )
; ð24Þwhere f1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n2p2 c^ð1Þ
L3
0
RMn
4
q
x1, f2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n2p2 c^ð1Þ
L3
0
RMn
4
q
x2, n = 1,3,5, . . ., and m, p = 0,2,4, . . .. We notice that this is the case
considered by Stevens and Tiersten (1986).
Case 2 (Elliptical convexity with c = 0). For the strongly oriented ellipsoidal curvature, by c = 0, we ﬁrst
expresso2UðM0Þ
ox21
¼  1
R1
;
o2UðM0Þ
ox1ox2
¼ 0; and o
2UðM0Þ
ox22
¼  1
R2
:Then the coeﬃcientsvð0Þ ¼ 1; v p
2
 
¼ d; b ¼ 0; cð0Þ ¼ Mn
R1
; and c
p
2
 
¼ Pn
R2
;bring (13) to the equation derived by Sinha (2001); that is,o2un
on21
þ o
2un
on22
 n
2p2c^ð1Þ
L20
1þ 1
L0
Mn
R1
n21 þ
Pn
R2
n22
  
un þ qx2un ¼ 0: ð25ÞAccordingly, we arrive at Sinha’s solutions for the amplitudes and the frequency spectrum, respectively,unmp ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b1b2
p
p2MnPn
 1=4
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2mþpm!p!
p ef212f222Hmðf1ÞHpðf2Þ; ð26Þ
x2nmp ¼
n2p2c^ð1Þ
L20q
1þ 1
np
ﬃﬃﬃﬃﬃﬃﬃ
L0
c^ð1Þ
r ﬃﬃﬃﬃﬃﬃ
Mn
R1
r
ð2mþ 1Þ þ
ﬃﬃﬃﬃﬃ
Pn
R2
r
ð2p þ 1Þ
 ( )
; ð27Þwhere f1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n2p2 c^ð1Þ
L3
0
R1Mn
4
q
x1 , f2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n2p2 c^ð1Þ
L3
0
R2Pn
4
q
x2, b1 ¼ n2p2 c^ð1ÞMnL3
0
R1
, and b2 ¼ n2p2 c^ð1ÞPnL3
0
R2
.
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As we pointed out in Section 2, the proposed model, (17), (19), and (20), generalizes the spherical and ellip-
soidal cases considered by Stevens and Tiersten (1986) and by Sinha (2001), respectively. We now apply this
model to the case when the one-sided ellipsoid convexity is oriented arbitrarily with respect to the resonator
axes. Fig. 2 gives a proper geometrical interpretation. To use the model, we approximate a surface with a con-
vexity of variable radii, R1 and R2, and express them via the parameters of an ellipsoid. The coordinate system
n1n2n3, whose axes coincide with the ellipsoid axes, is rotated here on the Euler angles u, w, and h, respectively,
with respect to the origin coordinate system x1x2z. An ellipsoid has the radii r1, r2, and r3 in the directions n1,
n2, and n3, respectively. Also, it is implied that the maximum thickness of a piezoelectric plate is L0.
For this case, an equation of the surface in the coordinates x1x2z may be written aseU ðx1; x2Þ ¼ e0 1þ 1e0 ðe11x21 þ e22x22 þ e12x1x2 þ e1x1 þ e2x2Þ
 
; ð28Þwheree0¼ 1ﬃﬃﬃﬃa1p ; e1¼ a212a1 ; e2¼ a222a1 ; e11¼ 18 ﬃﬃﬃﬃa31p ð4a1a34a221Þ;
e12¼ 1
8
ﬃﬃﬃﬃ
a31
p ð4a1a332a21a22Þ; e22¼ 1
8
ﬃﬃﬃﬃ
a31
p ð4a1a35a222Þ;
a1¼ sin
2 h
r21
þ cos
2 h
r22
 
sin2wþ cos
2w
r23
;
a21¼ 1
r23
 sin
2h
r21
 cos
2 h
r22
 
sin2wsinuþ 1
r21
 1
r22
 
sin2hsinwcosu
 
;
a22¼ sin
2 h
r21
þ cos
2 h
r22
 1
r23
 
sin2wcosuþ 1
r21
 1
r22
 
sin2hsinwsinu
 
;
a33¼ 1
r21
 1
r22
 
sin2hcos2ucoswþ cos
2 h
r21
þ sin
2 h
r22
 sin
2w
r23
 sin
2 h
r21
þ cos
2h
r22
 
cos2w
 
sin2u
 
;
a34¼ 1
2
 1
r21
þ 1
r22
 
sin2hsin2ucoswþ sin
2h
r21
þ cos
2 h
r22
 
cos2wsin2uþ cos
2h
r21
þ sin
2h
r22
 
cos2uþ sin
2w
r23
sin2u
 
;
a35¼ 1
2
1
r21
 1
r22
 
sin2hsin2ucoswþ sin
2 h
r21
þ cos
2 h
r22
 
cos2wcos2uþ cos
2 h
r21
þ sin
2 h
r22
 
sin2uþ sin
2w
r23
cos2u
 
;Fig. 2. Piezoelectric resonator with a one-sided ellipsoidal convex surface.
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r1 = 26x10 ¼ e2e12  2e1e22
4e11e22  e212
; x20 ¼ e1e12  2e2e11
4e11e22  e212
: ð29ÞWe now remove the system coordinates along the axis z on (L0 M0) and go to the required equation for the
surface of a piezoelectric plate; that is,Uðx1; x2Þ ¼ eU ðx1; x2Þ þ L0 M0: ð30Þ
The radii of the curvature U(x1,x2) may then be found by1
R1
¼ 2ðe11 sin2 c e12 cos c sin cþ e22 cos2 cÞ;
1
R2
¼ 2ðe11 cos2 cþ e12 cos c sin cþ e22 sin2 cÞ; ð31Þ-1.5
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(b)
Distribution of the vibration amplitudes of a quartz crystal resonator for r2 = r3 = 260 mm: (a) with a spherical convexity for
0 mm and (b) with an elliptical convexity for r1 = 208 mm.
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r1 = 26c ¼ 1
2
arctan
e12
e11  e22
 
: ð32ÞRadii R1, R2, obtained by (31), and a ratio d = R1/R2 may now be substituted to (14)–(16) along with the value
of c provided by (32). Accordingly, (19) and (20) serve to calculate the frequency spectrum xnmp and vibration
amplitudes unmp of the piezoelectric plate, in which an ellipsoidal surface is rotated with respect to the reso-
nator coordinates on an angle c. Below we investigate this model numerically.
3.1. Numerical analysis
A one-sided convex resonator (Fig. 1(b)) is performed by a doubly-rotated disc quartz crystal plate of the
SBTC-cut, having an orientation yxbl/+16.3/34.5. Initially, the plate is supposed to have r1 = 208 mm,
r2 = r3 = 260 mm (Fig. 2), and L0 = 1.0679 mm. The fundamental frequency (nmp = 300) is 6352 kHz. Distri-
butions of the vibration amplitudes unmp and the frequency spectrum xnmp are calculated in such a resonator
by (20) and (19), respectively. The quartz constants used for the calculation was taken from Zelenka (1990).(a)
(b)
Frequency shifts caused by an angle c of several vibrations of a crystal resonator with an elliptical convexity, L0 = 1 mm and
0 mm: (a) r2 = 208 mm and (b) r2 = 234 mm.
O. Shmaliy / International Journal of Solids and Structures 43 (2006) 7869–7879 7877Fig. 3 demonstrates distributions of the vibration amplitudes for the spherical convexity (a),
r1 = r2 = r3 = 260 mm, and for the ellipsoid convexity (b), r1 = 208 mm and r2 = r3 = 260 mm. As may be
seen, in contrast to the spherical case, vibrations in the ellipsoidal plate have a bit stronger localization of
the amplitudes along the axis. That is due to a smaller radius r1.(a) (b)
(c) (d)
(e)
Fig. 5. Frequency shifts in a disc piezoelectric plate with a one-sided elliptical convexity of r1 = 260 mm for diﬀerent ratios r2/r1: (a) c = 0,
(b) c = 30, (c) c = 45, (d) c = 60, and (e) c = 90.
7878 O. Shmaliy / International Journal of Solids and Structures 43 (2006) 7869–7879Fig. 4 shows the frequency shifts of several eigenvibrations for two ellipsoidal surfaces with (a) r1 = 260 mm
and r2 = 208 mm, and (b) r1 = 260 mm and r2 = 234 mm in the whole range of the angles c, from 0 to p. It
follows that increasing a ratio r1/r2 results in increasing the frequency shifts and that the frequency shift in
the fundamental vibration (nmp = 300) is less sensitive to variations in r1/r2. In the limiting case of r1/
r2 = 1, a surface becomes spherical and all shifts inherently tend toward zero. It is also seen that the frequency
shifts may be either negative or positive; the shifts associated with nmp = n0p are negative, by increasing p, and
they are positive for all other vibrations. However, in other cuts, such a rule may be violated to mean that m
and p may cause either positive or negative frequency shifts (Shmaliy, 2003). Despite this, the model shows an
eﬀective way to properly place the anharmonics in the resonator spectrum, by adjusting the surface curvature
with diﬀerent R1 and R2 for some angle c.
Fig. 5 demonstrates what happens with the frequency shifts if one were to let r1 = 260 mm and change the
ratio r2/r1 for diﬀerent angles c. It is seen that, by c = 0 (a), the shifts associated with 300,320,340, . . ., as well
as 302,322,342, . . ., and 304,324,344, . . . trace along almost the same trajectories for each of these groups. The
situation changes with c > 0. By increasing c, (a)-to-(e), the shifts in the modes 300,302,304, . . ., and
320,322,324, . . ., and 340,342,344, . . . become less and less appreciable. So that, by c = 90 (e), the following
new groups of 344,342,340, . . . , 324,322,320, . . ., and 304,302,300, . . . demonstrate almost the same trajecto-
ries. This rule may serve to adjust spectra of crystal resonators with trapped energy. Also, we believe, the
model presented is able to explain spectral irregularities associated with manufacturing imperfection in the
surface that is currently under investigation.
4. Conclusions
In this paper, we presented a model of a trapped energy disc contoured piezoelectric resonator with a one-
sided arbitrarily oriented elliptical convexity. The model generalizes spherical and elliptical cases considered
by Stevens and Tiersten and by Sinha, respectively, and extends them to arbitrary surface rotation with respect
to the resonator coordinates. An importance of these studies resides in the fact that the model designed
explains an inﬂuence of the elliptical surface asymmetry and orientation upon the frequency spectrum of a
resonator. Namely, it shows that changing the orientation angle c results in diﬀerent frequency shifts of anhar-
monics that may further be adjusted proportionally by the ratio r2/r1.
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